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Abstract
In this note, we study the sign of the Lagrange multiplier for a minimization problem related to the isoperimetric inequality for
mappings. Though our minimization problem involves vector valued mappings defined on a domain in R2, our result is the same
as the one for a minimization problem related to the Sobolev inequality for scalar valued functions in higher dimensions.
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Let Ω ⊂ R2 be a smooth bounded domain with a generic point (x, y) and f ∈ H−1(Ω;R3). Let Q denote the
oriented volume functional [1], which is a continuous extension to H10 (Ω;R3) of the functional
∫
Ω u ·ux ∧u y defined
for u ∈ H10 ∩ L∞(Ω;R3).
In [3], we considered the minimization problem
inf
u∈H10 (Ω;R3)
Q(u)=1
{
1
2
∫
Ω
|∇u|2 −
∫
Ω
f · u
}
, (1)
and proved that the infimum is always achieved when f 6≡ 0. This makes a sharp contrast to the case f ≡ 0, since
in this case the infimum is related to the best constant of the isoperimetric inequality for H10 mappings and never
achieved on any bounded domain.
Let ϕ ∈ H10 ∩ L∞(Ω;R3) and set f = −∆ϕ ∈ H−1(Ω;R3). Then for a minimizer u0 of (1), v0 = u0 − ϕ is a
minimizer of
inf
v∈H10 (Ω;R3)
Q(v+ϕ)=1
{
1
2
∫
Ω
|∇v|2
}
(2)
and satisfies the equation
−∆v0 = H(ϕ)(v0 + ϕ)x ∧ (v0 + ϕ)y (3)
where H(ϕ) is a Lagrange multiplier. In this short note, we prove:
E-mail address: futoshi@sci.osaka-cu.ac.jp.
0893-9659/$ - see front matter c© 2007 Published by Elsevier Ltd
doi:10.1016/j.aml.2006.12.012
F. Takahashi / Applied Mathematics Letters 20 (2007) 1216–1217 1217
Theorem 1. For ϕ ∈ H10 ∩ L∞(Ω;R3), let v0 be a minimizer of (2) and H(ϕ) be the Lagrange multiplier. Then we
have:
(i) If Q(ϕ) < 1, then H(ϕ) > 0.
(ii) If Q(ϕ) > 1, then H(ϕ) < 0.
(iii) If Q(ϕ) = 1, then H(ϕ) = 0.
Thus, the above result is a complete analogue of the one proved in [4] for the problem
inf
u∈H10 (Ω)‖u+ϕ‖L p (Ω)=1
{∫
Ω
|∇u|2
}
, (4)
where Ω ⊂ RN (N ≥ 3) is a bounded domain, p = 2NN−2 is the critical exponent in the Sobolev embedding and
ϕ ∈ L p(Ω). Recall that the infimum in (4) is achieved for ϕ 6≡ 0, by the result of [2].
Proof of Theorem 1. First we note that the minimizer v0 is indeed v0 ∈ H10 ∩ L∞(Ω;R3) by Wente’s regularity
theorem [5], since v0 satisfies (3).
We set
h(t) = Q(tv0 + ϕ) =
∫
Ω
(tv0 + ϕ) · (tv0 + ϕ)x ∧ (tv0 + ϕ)y .
By the formula
2
∫
Ω
u · vx ∧ vy =
∫
Ω
v · (ux ∧ vy + vx ∧ u y)
for u, v ∈ H10 ∩ L∞(Ω;R3) [1, Lemma A.5], we check that
h′(t) = 3
∫
Ω
v0 · (tv0 + ϕ)x ∧ (tv0 + ϕ)y
for t ∈ R. Then, multiplying Eq. (3) by v0, we have∫
Ω
|∇v0|2 = 1
3
H(ϕ)h′(1).
If Q(ϕ) = 1, then clearly v0 ≡ 0 is the only minimizer and H(ϕ) = 0 by (3), since ϕx ∧ ϕy 6≡ 0 in this case. On
the other hand, if Q(ϕ) 6= 1 then v0 6≡ 0, H(ϕ) 6= 0 and H(ϕ) has the same sign as h′(1).
We distinguish two cases:
(i) If Q(ϕ) < 1, we claim that h(t) ≤ 1 (∀t ∈ [0, 1]) and h′(1) > 0. In fact, note that h is a cubic function in t ,
h(0) = Q(ϕ) and h(1) = 1. It suffices to prove that h(t) ≤ 1 for all t ∈ [0, 1]. Assume the contrary, that if h(t0) > 1
for some t0 ∈ (0, 1), there exists s ∈ (0, t0) such that h(s) = 1. Testing (2) by sv0 + ϕ, we have∫
Ω
|∇v0|2 ≤ s2
∫
Ω
|∇v0|2,
since v0 is a minimizer. This is an obvious contradiction, so the claim is proved. As h′(1) and H(ϕ) has the same sign,
the proof of part (1) is finished.
(ii) If Q(ϕ) > 1, we claim that h(t) ≥ 1 (∀t ∈ [0, 1]) and h′(1) < 0. This will be proved by the same kind of
argument as for (i). Thus we have H(ϕ) < 0 and the proof of Theorem 1 is complete. 
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